Topic 10: Fixed, Random, and Mixed Models:

The purpose of this chapter is to introduce ANOV A models appropriate to
different experimental objectives

10.2.1: Model 1 ANOVA or fixed model

1. Treatment effects are additive and fixed by the researcher

2. The researcher is only interested in these specific treatments and will
limit his conclusions to them.

3. Model Yij: pn+ o, + &jj
where @; will be the same if the experiment is repeated

>t =0 and Hpisti=..=1=0 vs. Ha:somet; =0

4. When H, is false three will be an additional component in the variance
between treatments = thiZ/(t-l)

10.2.2: Model 11 ANOVA or random model or components of variance model

1. The treatments are a random sample from a larger population of
treatments for which the mean is zero and the variance is o7,

2. The objective of the researcher is to extend the conclusions based on
the sample of treatments to ALL treatments in the population

3. Here the treatment effects are random variables (s;) and knowledge
about the particular ones investigated is relatively useless

4. Model Yij= n+ s+ &€jj
where s; will be different if the experiment is repeated

> 520 s;are N(0,0°,) Ho:is s*=0 vs. Ha: %520

3. When the null hypothesis is false there will be an additional
component of variance equal to ro’,.

6. The researcher wants to test the presence and estimate the magnitude
of the added variance component among groups: o’

7. For One Way ANOVA, the computation is the same for the fixed and
random Models. However, the objectives and the conclusions are
different. The computations following the initial significance test are
also different.



10. 2. 3. Differences between fixed and random-effects model

D

2)

3)

4)

The objectives are different.

For the Fixed model: In the fertilizer experiment each fertilizer is of
specific importance. They are not a random sample. The purpose of the
study is to compare these treatments. The purpose of a fixed model is to
test the hypothesis that the treatment effects are the same.

For the Random model: In the breeding study the objective is to
estimate the variance of a breed. The sires are merely a sample from
which inferences are to be made concerning the population.

The purpose of a random model is to estimate 6°; and 67, the variance
components (H, GZS =0vs. H, st >0)

The sampling procedures are different.

For the Fixed model: treatments are not randomized but are selected
purposefully by the experiment. If the experiment is repeated, the 4
fertilizers must be used again and only the random errors are changed,
1.e., ¢;‘s are assumed to be constants and do not change, only ¢;'s change.

For the Random model: treatments are randomly selected and the
variance in the population of treatments contributes to the total sum of
squares. In the 2" experiment, the 4 sires most likely will be changed
from experiment to experiment. Thus not only the errors are changeable
but the sire effect, sj, are changeable.

The expected sums of the effects are different.

For the Fixed model: Xa; = X(u-pj)= 0.

For the Random model: s; = X(u-pj) #0

The expected variances are different
For the Fixed model:

) 2
Var. of Y;; = variance of &jj=0'¢

For the Random model:

. : 2 2
Var. of Yj; = variance of's; + variance of ;=G0 + 0"

(6% and %, are called variance components)



Table 1. Expected mean of one-way classification experiments.

EMS= Expected MS

Source df MS Fixed Model Random Model
Treatment a-1 MST o+ 12’ /(a-1) %, +r 025
Exp. error a(r-1) MSE c%e 0%

To calculate st: (MST-GZS)/ r

10. 3. Two-way Classification Experiments: fixed, random or mixed

Yige = p+ oy + By + (aB) + &

Suppose three different scenarios

Fix. Breeder interested in a particular set of varieties in a particular set of locations

Random: interested in a random samples of varieties released during different
decades in a random set of locations representing a particular region

Mixed: interested in a fix varieties released in a random set of locations
representing a particular region

Fix Random Mixed

u u of specific varieties | p of all varieties in that | p of specific varieties

period

o Wi -u, effect Var i random ~N(O0, GZQ) 1;-u, effect Var i
oi=0 o # 0 2o =0

B3; w; - W, effect Loc j" random ~N(0, 67) ~N(0, %) random
ZB;=0 IBi#0 IBi#0

(aB)j specific hin‘[er. effect i | random ~N(0, 6%45) random ~N(0, 6745)
var. & j" loc. from all possible int. from all possible int.

Variance o’ G otGs +070p TG 6% +0° o +07;

Objective Test H about o, Bj, & | Estimate 6%, 025, & Test H about o;.

(aB)j

2
G aB

. 2 2
Estimate 67, & 673




10. 3. 4. Expected mean squares and F tests.

EMS: algebraic expressions specifying the model parameters estimated by
the calculated MS. They are used to determine the appropriate error
variances for an F test.

EMS include:

e The error variances
e Functions of variances of random effects
e Functions of sums of squares and products of fixed effects

Expected mean squares of two-way classification experiments with a varieties,
b locations, and r replications.

Fixed Random Mixed Model
Source df Model Model Loc.=Rand. Var.=Fixed
Loc b-1 ng + arZ[§2 oot eraB+ arcszg Gt rcsqu, + arczﬁ
) (b-1)
Variet a-1 o’ + brro? 2.+ rcs2a[3+ bro?, o+ rczaﬁ+ eraz/(a-l)
Y (a-1)
L*V (b-1)(a-1) o+ 1Z2(ap)’ e+ rczag oo+ eraB
(b-1)(a-1)
Error ba(r-1) &7, o2 o7

Based on the expected mean squares an appropriate denominator mean square can
be found to form an F test concerning location, variety and interaction.

Appropriate F tests for various models.

Fixed Random Mixed (V=fix)
Location b-1 MSL/MSE MSL/MSLV MSL/ MSLV
Variety a-1 MSV/MSE MSV/MSLV MSV/MSLV
Interaction (b-1)(a-1) MSLV/MSE MSLV/MSE MSLV/MSE

Note that the appropriate F tests change, depending on the model.

If one factor in a factorial is RANDOM, then even if we have a significant
interaction we might be interested in testing the main fixed effects!

ST&D is outdated in EMS formulas: do not use Tables from p260 or p380.



10. 3. 4. 1. Rules for Determining Expected Mean Squares (EMS)

EMS for balanced factorial, nested, or nested factorial, experiment. Incomplete
designs such as Latin squares are excluded

RULE 1. The error term &;j._m, is written as £j.., m, Where the subscript m denotes the
replication subscript. For the two-factor model= & .

RULE 2. In addition to the error term the model contains all the main effects and any
interactions that the experimenter assumes exist.

RULE 3. For each term in the model, divide the subscripts into three classes:

a) Live: subscripts not in parentheses.
b) Dead: subscripts in parentheses (usually nested factors).
c) Absent: subscripts not present in a particular term.

RULE 4. Degrees of freedom. The Number of d.f. for any term is the product of: N of
levels of dead subscript x N of levels minus 1 for each live subscript.

RULE 5. Each effect has either a variance component (random effect) or a fixed factor
(fixed effect) associated with it.
If an interaction contains at least one random effect, the entire interaction is
considered as random.

RULE 6. EMS. prepare a Table with a row for each model component and a column
for each subscript. Over each subscript, write the number of levels of the factor and
whether the factor is fixed (F) or random (R). Replicates are random.

a) Write 1 if a dead subscript in the row matches the subscript in the column

b) If any of the subscripts on the row = subscript in the column, write 0 if the column is
headed by a fixed factor and 1 if the column is headed by a random factor. For
interactions with at least 1 random factor write 1 for columns with those subscripts.

In the remaining positions, write the N of levels shown above the column heading:

Fixed or Random F|IR| R
Number of levels | 4 | b | ¢
Factor ilJ k
(0N 0

B 1
(aB)ij 11

€ (i) k 111

d) To obtain the EMS: 1* cover all columns headed by live subscripts on that component.
Then, in each row that contains at least the same subscripts as those on the component
being considered, take the product of the visible numbers and multiply by the appropriate
fixed or random factor from Rule 5. The sum of these quantities is the expected mean of
the model component being considered.



Example for a mixed model two-way ANOVA
RULE 1. error term = Eij) k-

RULE 2. here the experimenter assumes o, 3;, and (aB) j;.

RULE 3. in (af);j 1 and j are live and k is absent
in gGj, k k 1s live and 1 and j are dead.
RULE 4. df (ap);= (a-1)(b-1);
df gj)=ab(r-1)

RULE 5. A variance component has Greek letters as subscripts: 623, GZOLB.
A fixed effect is always represented by: a

ol
i=1
RULE 6. a-1
Fix or Rand. FIRIRIF|R|IRIF|R|R
N of levels alb|lrlalblrlalb r Expected Mean Squares
Factor i | I k|i|Jl|k]ill]|k
0 0 01 b | r|c’+rc’,;+btZa’/(a-1)
Bi 1 a|l| r |6 +rotarcy
(apB)i 171 111]r |c*+10g
€ (ij) k 1|1 111111 1 028

e To find E(IMS,):
0 cover column 1.

0 The product of the visible numbers in the rows that contain at least
subscript i are Br (row 1), r (row 3), and 1 (row 4).

O Note that 1 is missing in row 2.
e To find E(MSA*B)
O cover columns i and j.

0 The product of the visible numbers in the rows that contain at least
subscripts 1 and j are r (row 3), and 1 (row 4). Note that 1 and j are
not present simultaneously in rows 1 and 2.



Use the above rules to complete the following EMS

Exercise 1 three-way ANOVA

a levels of factor A (fixed),
b levels of factor B (random)
¢ levels of factor C(random)
r replicates.

The researcher wants to include all interactions
Yiu= K+ ai + By + 7 + (aP)y + (o) + Byt (aPy)ict €

Fixed or Random F
Number of levels Expected Mean Squares
Factor

Qi

Bi

Yk

(aB)j

(oy)i

By

(aBy)ik

€ (ijk) |

Exercise 2 with nested effects (Answer page 10)

2—way factorial A (fixed) x B (random) with C (random) nested in AxB with
d replications. Subscripts in parentheses indicate the nested components

Fix or Rand. F
N of levels Expected Mean Squares
Factor

(071

Bj

(oB);;

Y(oPx j)

E(ijk)l




10. 4. Expected Mean squares for three-way ANOVA

a levels of factor A (fixed), b levels of factor B (random), ¢ levels of factor C(random),
and r replicates.

Yia= 1+ o+ B+ v+ (aB)y + (ay)ic + (By)ict (aBy)ict €

Fixed or Random F R | R|R F
Number oflevels | 3 | b | ¢ | r Expected Mean Squares

Factor il J k11

o 0| b |c|r|ch+ rczagﬁ brczaﬁcrczaBJr berZa?/(a-1) ?

Bi a | 1 | c|r|c’+rclep +arc s+ cro’ept acro’p ?

Tk a | b | 1]|r|c’+ro’ey+ arc’s+ bro’e+ abro’, ?
(aB)i 1| 1| c|r|c’+rc’up+croe MS 3/ MSagy
(oy)ik 1| b | 1]|r]|oc%+ro’ys +bro’y, MS.,/MSagy
(By)ik a| 1 |1 |r|oc%h+ rczaﬁy + arc523y MSp,/MSasy
(aB)ik 1|1 |1 ]|r|c’+role MS,/MS;
€ (ijk) | L 1| 1]1|c%

The 1°s in bold would be zero in ST&D. The variances in bold would be absent in ST&D.

No exact test for the main effect A, B, or C!

Option 1: use SAS RANDOM and TEST option

Identical results to those presented in the previous table can be obtained in SAS using the RANDOM
statement in PROC GLM.

TEST option in the RANDOM statement: determines what tests are appropriate, and provides F ratios and
probabilities for these tests.

Contrasts are not corrected by the RANDOM statement, and there is no way for the user to specify a
synthetic denominator for a contrast (need to learn PROC MIXED).

All random effects and all interactions including at least one random effect must be explicitly

designated as random in the SAS RANDOM statement

Example: A (fix) 3 levels, B (random) 5 levels, C (random) 2 levels, 1 rep.
model Y=A BC A*B A*C B*C A*B*C;
random B C A*B A*C B*C A*B*C;.

Type III Expected Mean Square

Source
A

B

C

A*B
A*C
B*C
A*B*C

Var (Error)
Var (Error
Var (Error
Var(Error
Var(Error
Var(Error
Var (Error

PR

)
)
)
)
)
)

+

+ 4+ 4+ 4+ 4+ +

Var (A*B*C)
Var (A*B*C)
Var (A*B*C)
Var (A*B*C)
Var (A*B*C)
Var (A*B*C)
Var (A*B*C)

+ 5 Var(A*C) + 2 Var(A*B) + Q(A)

+ 3 Var(B*C) + 2 Var(A*B) + 6 Var(B)
+ 3 var(B*C) + 5 Var(A*C) + 15 Var(C)
+ 2 Var(A*B)

+ 5 Var(A*C)

+ 3 Var(B*C)




10. 5. Approximate F tests

Satterthwaite (1946) method of linear combinations of mean squares:
MS'=MS,+ -+ MSs and MS"=MS, + -+ MS,

Mean squares are chosen so that no MS appear simultaneously in MS’ and
MS’’, and E(MS’) - E(MS”’) is equal to the effect (the model parameter or
variance component) considered in the null hypothesis. The test statistic is:

F = MS'/MS”

which is distributed approximately as F, 4,where p and q are the effective
degrees of freedom.

_ (MS,+ -+ MSy) _ (MS,+ -+ MS,)
MS2/df, + -+ + MS/df MS,2/df, + - + MS,/df,

p and g may not be integers so interpolate in the F tables may be required.

In the 3-factor mixed effects model discussed above, an appropriate test
statistic for Hy: a;=...=a=0 would be

This is an F test for Factor A, represented by the term

2

o . . .
bCI’Z —— that is the only one term that is not repeated in the numerator and the
a—1 denominator

d.f. for F: from equations for p and . Since no MS appears in both the
numerator and denominator, they are independent.

It 1s better to define additive linear combinations in the numerator and
denominator than to subtract (e.g MS, / (MSag + MSac - MSagc)) (ST&D
pg. 380) [but SAS subtracts]



Additional examples with nested effects

The rules for EMS are also applicable when a factorial experiment includes
subsampling. Subscripts in parentheses indicate the nested components

Answer Exercise 2: 2—way factorial A (fixed) x B (random) with C
replications (random) nested in AxB with d subsamples per replication.

FixorRand. | F | R | R| R F

N of levels a|b|c d Expected Mean Squares

Factor 1|3k 1

o 0| B |c| d |c+dc’ptcdo’eptbedZo/(a-1) | MS/MSyg

Bj a 1 C d (525 + dGzy @pt cdcza[ﬁ acdcszﬁ MSB/MSQB
(aﬁ)ij 1 1 C d 028 + dGzy (ap) + CdGzaﬁ MSOLB/MSy((xB)
V(OB )k iy L] 11| d |c%+doye MS,(apy/MS;

Blocks nested in locations and locations RANDOM.

Eleven varieties of barley tested in 2 locations selected at random from the Sacramento
Valley. In each location the experiment is organized as a RCBD with 13 blocks.

Fixed or Random F R R F

Number of levels 11 2 13 Expected Mean Squares

Factor i ] k

O (variety) 0 2 | 13 | 6% +136%pt+2620/4 MS,/ MSgg

Bj toct) 11 L] 13 | 6% +136%p 1167 T1430% (MSp+MS, )/(MS 5+ MS, ;)
2 2 . N

Yk(l) (Block within location) 11 1 1 o 5+1 lo () MSYU) /Msh

(oB)jj 1 L1 13 | 6% 41307 MS,p/MS;

€ k(ij) RN RN

Source  Expected Mean Square

Loc Var(Error)+ 11
Var(block(loc))+13Var(loc*var)+143Var(loc)

Var Var(Error)+ 13 Var(loc*var)+26Var(var)
loc*var Var(Error)+ 13 Var(loc*var)

block(loc) Var(Error)+ 11 Var(block(loc))

Error Var(Error)

The genotypes need to be tested using the loc* var interaction variance that makes a lot
of sense if we are trying to make a generalization valid to all locations!
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